Abstract. Given two Riemann surfaces with boundary and a homotopy class of topological embeddings between them, there is a conformal embedding in the homotopy class if and only if the extremal length of every simple multi-curve is decreased under the embedding. Furthermore, the homotopy class has a conformal embedding that misses an open disk if and only if extremal lengths are decreased by a definite ratio. This ratio remains bounded away from one under finite covers.
Introduction
Let R and S be two Riemann surfaces of finite topological type, possibly with boundary, and let f : R ãÑ S be a topological embedding. The goal of this paper is to give conditions for f to be homotopic to a conformal embedding, possibly with extra nice properties. We give an answer in terms of ratios of extremal lengths of simple multi-curves.
For us, a simple multi-curve on S is an embedded 1-manifold in S. See Definitions 2.1 and 2.2 for the full definitions. The extremal length EL S rCs of a simple curve C is a measure of the fattest annulus that can be embedded in S with core curve isotopic to C. See Section 3.2 for more on extremal length, particularly for multi-curves. Definition 1.1. For f : R ãÑ S a topological embedding of Riemann surfaces, the stretch factor of f is the maximal ratio of extremal lengths between the two surfaces:
SFrf s :" sup CPC`pRq EL S rf pCqs EL R rCs , where the supremum runs over all simple multi-curves C with EL R rCs ‰ 0.
We will ultimately show that SFrf s is achieved by a ratio of extremal lengths of two measured foliations, not multi-curves. But f does not induce a natural continuous map between measured foliations (Example 4.4), so Definition 1.1 is stated in terms of multicurves.
Theorem 1. Let R and S be Riemann surfaces and f : R ãÑ S be a topological embedding so that no component of f pRq is contained in a disk or a once-punctured disk. Then f is homotopic to a conformal embedding if and only if SFrf s ď 1.
The key part of Theorem 1 is due to Ioffe [Iof75] . In fact, his results show that the stretch factor is related to the quasi-conformal constant. Proposition 1.2. Let f : R ãÑ S be a topological embedding of Riemann surfaces. If SFrf s ě 1, then SFrf s is equal to the smallest quasi-conformal constant of any quasiconformal embedding homotopic to f .
We can also characterize conformal embeddings with some extra "room". Definition 1.3. Let f : R ãÑ S be a conformal embedding between Riemann surfaces. We say that f is a strict embedding if its image omits a non-empty open subset of each component of S. An annular extension of a Riemann surface S is a surface p S obtained by attaching a non-empty conformal annulus to each boundary component, with the boundary of S smoothly embedded in p S. An annular conformal embedding is one that extends to a conformal embedding p R ãÑ S for some annular extension p R of R.
Remark 1.4. A similar relation for subsets of p C is sometimes written f pRq Ť S [CPT16, inter alia].
Theorem 2. Let R and S be Riemann surfaces, with S connected, and let f : R ãÑ S be a topological embedding so that no component of f pRq is contained in a disk or a once-punctured disk. Then the following conditions are equivalent:
(1) f is homotopic to a strict conformal embedding, (2) f is homotopic to an annular conformal embedding, and (3) SFrf s ă 1.
We can also control the behavior of the stretch factor under taking covers. Proposition 1.2 guarantees that when SFrf s ě 1, the stretch factor is unchanged under taking finite covers (see Proposition 6.3). We can control what happens when SFrf s ă 1, as well. Explicitly, we have r R :" pr, r sq P Rˆr S | f prq " ppr sq ( r f pr, r sq :" r s qpr, r sq :" r.
Then r f is a topological embedding and q is a covering map. We may also say that r f is a cover of f , without specifying p. The hard part of Theorem 3 is showing that Ă SFrf s is strictly less than 1 when SFrf s ă 1. Theorem 3 will be used in later work [Thu16] to give a positive characterization of postcritically finite rational maps among topological branched self-covers of the sphere, providing a counterpoint to W. Thurston's characterization [DH93] , which characterizes rational maps in terms of an obstruction.
1.1. History. The maximum of the ratio of extremal lengths has appeared before, usually in the context of closed surfaces, where it gives Teichmüller distance, as first proved by Kerckhoff [Ker80, Theorem 4] . Note that for surfaces with boundary the behavior is quite different, as the stretch factor can be less than one.
In the special case when the domain R is an open torus and the target S is a closed torus, there is very precise information about when R conformally embeds inside of S [Shi87, Shi93] . For instance, the subset of the Teichmüller space of S for which there is an embedding forms a disk with respect to the Teichmüller metric, which is also the hyperbolic metric on the upper half-plane.
There has been earlier work on portions of Theorem 2. In particular, Earle and Marden [EM78] showed that, with extra topological restrictions on the embedding R ãÑ S, if f is homotopic to a strict conformal embedding then it is homotopic to an annular conformal embedding.
It is tempting to look for an analogue of Theorem 1 using hyperbolic length instead of extremal length, given that, by the Schwarz lemma, hyperbolic length is decreased under conformal inclusion. However, the results are false for hyperbolic length in almost all cases [Mas00, FB14] .
These results were first announced in a research report by the last author [Thu16] .
1.2. Organization. Section 2 reviews background material and specify our definitions for topological surfaces. Section 3 does the same for Riemann surfaces and extremal length, as well as giving elementary properties of the stretch factor. Section 4 proves Theorem 1, largely based on a theorem of Ioffe. Section 5 extends this to prove Theorem 2. Section 6 gives the further extension to prove Theorem 3. In Section 6, we also prove Theorem 4, an estimate on areas of subsurfaces with respect to quadratic differentials; this may be of independent interest. Section 7 gives some directions for future research, and in the process gives another way to get an upper bound on Ă SFrf s. 
Topological Setting
Definition 2.1. By a (smooth) surface S we mean a smooth, oriented, compact 2-manifold with boundary, together with a distinguished finite set P of points in S, the punctures. The boundary BS of S is a finite union of circles. By a slight abuse of terminology, by the interior S˝of S we mean SzpP Y BSq. If we want to emphasize that we are talking about the compact version of S, we will write S. A surface is small if it is the sphere with 0, 1, or 2 punctures or the unit disk with 0 or 1 punctures. These are the surfaces that have no non-trivial curves by the definition below.
By a topological map f : R Ñ S between surfaces we mean an orientation-preserving continuous map from R˝to S˝that extends to a continuous map from R to S. In particular, the image of a puncture is a puncture or a regular point, and embeddings are only required to be one-to-one on R˝. Homotopies are taken within the same space of maps. Definition 2.2. A multi-curve C on a surface S is a smooth 1-manifold with boundary XpCq together with an immersion from the interior of XpCq into S˝that maps BXpCq to BS. We do not assume that XpCq is connected; if it is, C is said to be connected or a curve. We will mostly be concerned with simple multi-curves, those for which the immersion is an embedding. An arc is a curve for which XpCq is an interval, and a loop is a curve for which XpCq is a circle. A multi-curve is closed if it has no arc components.
A (multi-)curve is trivial if it is contained in a disk or once-punctured disk of S. Equivalence of multi-curves is the equivalence relation generated by (1) homotopy within the space of all maps taking BXpCq to BS (not necessarily immersions), (2) reparametrization of the 1-manifold XpCq (including orientation reversal), and (3) dropping trivial components. The equivalence class of C is denoted rCs. The space of simple multi-curves on S up to homotopy is denoted CpSq. If BS ‰ H, then we distinguish two subsets of CpSq:
‚ C`pSq Ă CpSq is the subset of closed curves and ‚ C´pSq Ă CpSq is the subset with no loops parallel to a boundary component. A weighted multi-curve C " ř a i C i is a multi-curve in which each connected component is given a positive real coefficient a i . When considering equivalence of weighted multi-curves, we add the further relation that two parallel components may be merged and their weights added. We write C R pSq or C Q pSq for the space of weighted multi-curves with real or rational weights, respectively. Definition 2.3. A (positive) measured foliation F on a surface S is a singular 1-dimensional foliation on S, tangent to BS, with a non-zero transverse measure. F is allowed to have kprong singularities, as described, for instance, in [FLP79] , and summarized below.
‚ At points of S˝, we allow k-prong singularities for k ě 3. (If there are only 2 prongs, it is not a singularity.) This is also called a zero of order k´2. ‚ At punctures, we allow k-prong singularities for k ě 1. This is also called a zero of order k´1. ‚ At points of BS, we allow k-prong singularities for k ě 3. This is also called a zero of order k´2. If we double the surface, it becomes a p2k´2q-prong singularity. We also admit the empty (zero) measured foliation as a degenerate case. A singular leaf of a measured foliation is a leaf that ends at a singularity. A saddle connection is a singular leaf that ends at singularities in both directions. If a saddle connection connects two distinct singularities, and at least one of the singularities is in the interior, it is possible to collapse it to form a new measured foliation. Whitehead equivalence of measured foliations is the equivalence relation generated by homotopy and collapsing saddle connections. We denote the Whitehead equivalence class of a measured foliation by rF s, and the set of Whitehead equivalence classes of measured foliations by MF`pSq or just MFpSq.
From a multi-curve C P C´pSq and a measured foliation F on S, we can form the intersection number (2.4) iprCs, rF sq :" inf
Proposition 2.5. The map
is an injection, with image a finite-dimensional manifold determined by its projection onto finitely many factors.
Proof sketch. This is standard. If S has non-empty boundary, take a maximal set pC i q n i"1 of non-intersecting arcs in C´pSq. Then piprC i s, rF sqq n i"1 determines F up to Whitehead equivalence. If S has no boundary, the construction is more involved, and we omit it.
Proposition 2.5 can be used to define a topology on MF`pSq, which we will use. Proposition 2.6. The projection map from all measured foliations (not up to equivalence, with its natural function topology) to MF`pSq is continuous.
Proof sketch. For any non-zero measured foliation F 0 and rCs P C´pSq, there is a quasitransverse representative C 0 P rCs, which automatically satisfies ipC 0 , F 0 q " iprCs, rF 0 sq. If F 1 is any measured foliation close to F 0 , then an analysis of the behavior near singularities shows that there is a representative C 1 P rCs so that C 1 is close to C 0 and C 1 is quasitransverse with respect to F 1 . Then iprCs, rF 1 sq " ipC 1 , F 1 q and ipC 1 , F 1 is close to ipC 0 , F 0 q.
We can also use Proposition 2.5 to define a map from C`pSq to MFpSq, sending rCs P C`pSq to the unique measured foliation rF C s P MFpSq so that iprC 1 s, rCsq " iprC 1 s, rF C sq for all C 1 P C´pSq. This map is an embedding on equivalence classes of weighted simple multi-curves. Definition 2.7. A train track T on a surface S is a graph G embedded in S, so that at each vertex of G (called a switch) the incident edges are partitioned into two non-empty subsets that are non-crossing in the cyclic order on the incident vertices. In drawings, the elements of each subset are drawn tangent to each other.
The complementary regions of a train track are naturally surfaces with cusps on the boundary. A taut train track is a train track with no complementary components that are disks with no cusps or one cusp, or once-punctured disks with no cusps.
Remark 2.8. Many authors (e.g., Penner and Harer [PH92] and Mosher [Mos03] ) include our notion of tautness in the definition of a train track, often in a stronger form forbidding bigons (disks with two cusps) and once-punctured monogons as well.
Definition 2.9. The space of positive transverse measures or weights on a train track T on a surface S is the space MpT q of assignments of positive numbers ("widths") to edges of the train track so that, at each vertex, the sum of weights on the two sides of the vertex are equal. If MpT q is non-empty, then T is said to be recurrent. We have subspaces M Q pT q and M Z pT q for transverse measures on T with rational or integral values, respectively. For any train track, there is a natural map M Z pT q Ñ C`pSq, where we replace an edge of T of weight k by k parallel strands, joining the strands in the natural way at the switches.
Lemma 2.10. Let T be a recurrent taut train track on S. Then there is a natural continuous map MpT q Ñ MF`pSq extending M Z pT q Ñ C`pSq.
We will denote the map MpT q Ñ MF`pSq by w Þ Ñ T pwq. If F " T pwq for some w, we say that T carries F .
(For convenience in the proof we are assuming the weights on T are strictly positive, but in fact the lemma extends to non-negative weights.)
Proof. Pick a small regular neighborhood NpT q of T , arranged so that SzNpT q has a cusp near each corner where T has a cusp, as illustrated in Figure 1 . A weight w P MpT q gives a canonical measured foliation F N pwq on NpT q, where an arc cutting across NpT q transverse to a edge e has measure wpeq.
Next pick a graph Γ Ă SzNpT q so that ‚ Γ contains BS, ‚ Γ has a 1-valent vertex at each cusp of SzNpT q and at each puncture, ‚ all other vertices of Γ have valence 2 or more, and ‚ Γ is a spine for SzNpT q, i.e., SzNpT q deformation retracts onto Γ. (The condition that T be taut guarantees that we can find such a Γ). Since Γ is a spine, there is a deformation retraction SzNpT q Ñ Γ. We can use this to construct a homeomorphism φ : NpT q Ñ SzΓ that is the identity on T Ă NpT q and extends to a continuous map BNpT q Ñ Γ without backtracking. Then rφpF N pwqqs is the desired measured foliation T pwq. As a measured foliation (not up to Whitehead equivalence), φpF N pwqq depends continuously on w by construction. The quotient map to the Whitehead equivalence class is continuous.
In Lemma 2.10, if a complementary region of T is a bigon or once-punctured monogon, the corresponding spine is necessarily an interval. Lemma 2.10 is false without the assumption that T is taut; see Example 4.4.
Lemma 2.11. Every measured foliation F is carried by a taut train track T . Furthermore, T can be chosen so that if F has k zeros on a boundary component, the corresponding complementary component of T has at least k cusps.
Notice that the number of zeros on a boundary component is not invariant under Whitehead equivalence.
Proof. The techniques here are standard; see, e.g., [Mos03, Proposition 3.6.1], or [PH92, Corollary 1.7.6] for a different approach. Since the definitions we use are slightly different, we sketch the argument.
Pick a set of intervals I j on S that are transverse to F and cut every leaf of F . These intervals will become the switches of the train track. Let I " Ť j I j . Divide the leaves of F into segments between singularities of F and intersections with I. A regular segment is one that intersects I in interior points on both ends. There are only a finite number of non-regular segments (since the number of singularities of F and ends of I is finite), while for any regular segment, nearby segments are isotopic relative to I. There are thus a finite number of classes of parallel regular segments.
Now construct a train track T by taking the union of I and one element of each class of parallel regular segments, and replacing each interval I j with a single vertex v j , joined to the same regular segments by connecting arcs. At each switch, the incident edges are divided according to the sides of the corresponding I j .
Let Γ be the union of the non-regular segments. The components of the complement of T correspond to the connected components of Γ, which is a graph with vertices of valence 1 at cusps of T and possibly at punctures of S, and all other vertices of valence ě 2. (That is, Γ is a spine as in the proof of Lemma 2.10.) It follows that T is taut. T carries F with weights equal to the width of the families of parallel segments. If F has k zeros on a boundary component, then T has at least k cusps by construction.
Proposition 2.12. CQ pSq is dense in MF`pSq.
Proof. For a given measured foliation F , we will produce a sequence of weighted multi-curves approximating rF s P MF`pSq. By Lemma 2.11, F " T pwq for a taut train track T and weight w P MpT q. Pick a sequence of rational weights w n P M Q pT q approximating w, and clear denominators to write w n " λ n w 1 n where w 1 n P M Z pT q. Then w 1 n pT q{λ n is a weighted multi-curve approximating F .
Remark 2.13. On a connected surface S with no boundary, Proposition 2.12 can be strengthened to say that simple curves are projectively dense in measured foliations, as well [Ker80, FLP79] . This strengthening is false for surfaces with boundary. For instance, a pair of pants has only three distinct non-trivial simple curves, but many more measured foliations (and many more simple multi-curves).
Conformal Setting
3.1. Riemann surfaces.
Definition 3.1. A Riemann surface (with boundary) is a topological surface S, as in Definition 2.1, together with a complex structure on S, i.e., a fiberwise linear map J : T S Ñ T S with J 2 "´id.
Convention 3.2. For us, a Riemann surface need not be connected. As noted above, we only consider surfaces of finite topological type.
Since the complex structure is on S, not just on S, the complex structure on S˝necessarily has a removable singularity near every puncture. Definition 3.3. A (holomorphic) quadratic differential q on a Riemann surface S is a holomorphic section of the square of the holomorphic cotangent bundle of S˝. If z is a local coordinate on S˝, we can write q " φpzq pdzq 2 where φpzq is holomorphic. Naturally associated with a quadratic differential we have several objects: ‚ Local coordinates given by integrating a branch of ? q away from the zeros of q. The transition maps are translations or half-turns followed by translations, giving S the structure of a half-translation surface. ‚ A horizontal measured foliation F h pqq " |Im ? q|. The tangent vectors to the foliation are those vectors v P T S with qpvq ě 0, and the transverse length of a multi-curve C is
i.e., the total variation of the y coordinate in the half-translation coordinates. ‚ Similarly, a vertical measured foliation F v pqq " |Re ? q|. ‚ A locally Euclidean metric |q| on S˝, possibly with cone singularities of cone angle kπ with k ě 3. The length of a multi-curve C with respect to |q| is ℓpCq "
‚ An area measure A q on S, the volume measure of |q|. The vector space of finite-area quadratic differentials on S that extend analytically to BS (but not necessarily to the punctures) is denoted QpSq. The finite area constraint implies that at a puncture of S, every q P QpSq has at most a simple pole. That is, if z is a local coordinate on S with a puncture at z " 0, we can locally write q " φpzq{z pdzq 2 where φpzq is holomorphic.
If S has non-empty boundary, then QpSq is infinite-dimensional. There is a finite-dimensional subspace Q R pSq, consisting of those quadratic differentials that are real on vectors tangent to BS. There is a convex cone Q`pSq Ă Q R pSq consisting of those quadratic differentials that are non-negative on BS. For non-zero q in Q`pSq, we have rF h pqqs P MF`pSq.
Extremal length.
Definition 3.4. For C a multi-curve on a Riemann surface S, pick a Riemannian metric g in the distinguished conformal class. Then the length ℓ g rCs is the minimum Riemannian length with respect to g of any rectifiable representative of rCs. The extremal length of C is (3.5)
where the supremum runs over all Borel-measurable conformal scale factors ρ : S Ñ R ě0 of finite, positive area. (The scaled quantity ρg may give a pseudo-metric rather than a metric, as, e.g., ρ can be 0 on an open subset of S. But we can still define length and area in a natural way.) The definition makes it clear that extremal length does not depend on the metric g within its conformal equivalence class, so we may talk about extremal length on S without reference to g. When the Riemann surface is clear from context, we suppress it from the notation. More generally, if C " ř i a i C i is a weighted multi-curve, then its length is ℓ g rCs " ř i a i ℓ g rC i s, i.e., the corresponding weighted linear combination of lengths of curves, and its extremal length is still defined by Equation (3.5).
We need multi-curves in Definition 3.4, as the main theorems of this paper are false if restricted to curves rather than multi-curves; see Remark 2.13.
We will be interested in simple multi-curves C. We must check that extremal length is well-defined on equivalence classes of simple multi-curves. Invariance under homotopy and reparametrization is obvious. Trivial components of a multi-curve C have no effect on ℓ ρg rCs since ρg has finite area, so also have no effect on extremal length. Finally, let C 0 be a simple multi-curve with parallel components, and let C 1 be the weighted multi-curve with integer weights obtained by merging parallel components and taking weight equal to the number of merged components. Then it is easy to see from the definitions that ELrC 0 s " ELrC 1 s.
Furthermore, EL scales quadratically: ELrkCs " k 2 ELrCs.
Lemma 3.6. For any non-trivial multi-curve C on a Riemann surface S, ELrCs ą 0. In particular, if S is not small, there is a curve with non-zero extremal length.
Proof. Take any finite-area Riemannian metric g on S in the given conformal class. Then, since C has at least one non-trivial component, ℓ g rCs ą 0, so ELrCs ą 0.
To help build intuition for Definition 3.4, we give other interpretations of extremal length for simple multi-curves.
First, recall that for a conformal annulus
A "`r0, ℓsˆr0, ws˘{`p0, xq " pℓ, xq˘, its modulus ModpAq is w{ℓ. Define the extremal length of A to be ELpAq :" 1{ ModpAq " ℓ{w. Then we can see ELrCs for a simple multi-curve C as finding the fattest set of conformal annuli around C, in the sense that we minimize total extremal length, as follows.
Proposition 3.7. Let C " Ť k i"1 C i be a simple closed multi-curve on a Riemann surface S with components C i . For i " 1, . . . , k, let A i be a (topological) annulus, and let A "
where the infimum runs over all conformal structures ω on A (which amounts to a choice of modulus for each A i ) and over all conformal embeddings f : A ãÑ S so that the image of the core curve of A i is isotopic to C i . More generally, if C " ř k i"1 a i C i is a weighted simple multi-curve on S, then, with notation as above,
where the supremum runs over the same set.
We delay the proof of Proposition 3.7 a little. We can also give a characterization of EL in terms of Jenkins-Strebel differentials.
Definition 3.10. A Jenkins-Strebel quadratic differential q on S is one where almost every leaf of F h pqq is closed. In this case, the quadratic differential gives a canonical decomposition of S into annuli foliated by the closed leaves.
Theorem 3.11. Let C " Ť i a i C i be a weighted simple closed multi-curve on a Riemann surface S so that no C i is trivial. Then there is a unique Jenkins-Strebel differential q C P Q`pSq so that F h pq C q can be decomposed as a disjoint union of annuli A i with each A i being a union of leaves of transverse measure a i and core curve isotopic to C i . With respect to |q C |, each A i is isometric to a right Euclidean cylinder. Proposition 3.12. For C a weighted simple closed multi-curve on S with no trivial components, let q " q C be the associated quadratic differential from Theorem 3.11. Then (3.13)
ELrCs " A |q| pSq.
Proposition 3.12 should be standard, but we have been unable to locate it in the literature. We provide a short proof, an easy application of Beurling's criterion.
Proof. We use |q| as the base metric in Equation (3.5) (abusing notation slightly since |q| is not smooth). Let ℓ i " ℓ |q| rC i s. Since |q| is a locally CAT(0) metric and local geodesics in locally CAT(0) spaces are globally length-minimizing, ℓ i is the length in |q| of the core curve 
Proof of Proposition 3.7. The functional
i ELpA i q on the space of disjoint embeddings of annuli A i homotopic to C i is minimized when the A i are the annuli from the decomposition of F h pq C q from Theorem 3.11 [Str84, Theorem 20.5] . In this case the value of the functional is A q C pSq, which is equal to ELrCs by Proposition 3.12.
More generally, we can work with arbitrary measured foliations, rather than simple multicurves.
Theorem 3.14 (Heights theorem). Let rF s P MF`pSq be a measured foliation on a Riemann surface S. Then there is a unique quadratic differential q F P Q`pSq so that rF h pq F qs " rF s. Furthermore, q F depends continuously on F .
Proofs of Theorem 3.14 have been given by many authors [HM79, Ker80, MS84, Wol96] . Of these, Marden and Strebel [MS84] treat surfaces with boundary. By analogy with Proposition 3.12, we define 3.3. Stretch factors. We now turn to a few elementary facts about stretch factors, as already defined in Definition 1.1.
Proposition 3.16. If f : R ãÑ S is an topological embedding of Riemann surfaces where R is not a small surface, then SFrf s is defined and finite.
Proof. Immediate from Lemma 3.6.
Definition 3.17. By analogy with Definition 2.2, we say that a subsurface S 1 of a surface S is trivial if S 1 is contained in a disk or once-punctured disk inside S.
Proposition 3.18. For f : R ãÑ S a topological embedding of Riemann surfaces where S is not small, SFrf s " 0 if and only if f pRq is trivial as a subsurface of S.
Proof. If f pRq is trivial in S, it is immediate that SF rf s " 0. Otherwise, there is some simple curve C on R so that f pCq is nontrivial in S. It follows that C is nontrivial in R, and SFrf s ě ELrf pCqs{ ELrCs ą 0.
Proposition 3.19. If f : S 1 ãÑ S 2 and g : S 2 ãÑ S 3 are two topological embeddings of Riemann surfaces, then SFrf˝gs ď SFrf s¨SFrgs.
Proof. Immediate from the definition.
Slit maps and Ioffe's theorem
The following terminology is adapted from Ioffe [Iof75] and Fortier Bourque [FB15].
Definition 4.1. On a connected surface S with a non-zero measured foliation F , a slit is a finite union of closed segments of leafs of F . (The leaf segments can meet at singularities of F , and so the slit may be a graph.) A slit complement in F is the complement of a slit, and a topological slit map with respect to F is the inclusion of a slit complement into S. (This is the inclusion of the interiors R˝ãÑ S˝, which extends on a non-injective map R Ñ S.) If f : R ãÑ S is a slit map with respect to F P MF`pSq, then there is a natural pull-back measured foliation f˚F P MF`pRq.
If R and S are Riemann surfaces, a Teichmüller embedding of dilatation K ě 1 is an embedding f : R ãÑ S with quadratic differentials q R P Q`pRq and q S P Q`pSq so that f is a topological slit map with respect to F h pq S q and, in the natural coordinates determined by q R and q S , the map f has the form f px`iyq " Kx`iy. Note that a Teichmüller embedding is K-quasi-conformal, and that f˚F h pq S q " F h pq R q.
Theorem 4.2 (Ioffe [Iof75])
. Let R and S be Riemann surfaces, with S connected, and let f : R ãÑ S be a topological embedding so that no component of R has trivial image in S. Suppose that f is not homotopic to a conformal embedding. Then there is a quasi-conformal embedding with minimal dilatation in rf s. Furthermore, there are unique quadratic differentials q R P Q`pRq and q S P Q`pSq so that all quasi-conformal embeddings with minimal dilatation are Teichmüller embeddings with respect to the same quadratic differentials on R and S. Ioffe's theorem gives a pair of measured foliations on R and S. To relate to Theorem 1, we need to approximate both of these measured foliations by simple multi-curves. This is more subtle than it appears at first, since the natural map f˚: C`pRq Ñ C`pSq does not generally extend to a continuous map MF`pRq Ñ MF`pSq, as the following example shows. 
If we push forward F s by the inclusion map f , we get a multiple of a simple curve on S.
There are only three simple curves on S, the curves C a , C b , and C c around the respective boundary component. Which one we get depends only on the parity of p and q, where s " p{q in lowest terms:
This map f˚, defined for simple curves and therefore for rational s, has no continuous extension to real values of s.
Despite Example 4.4, we can still do simultaneous approximations, using the techniques of Proposition 2.12.
Proposition 4.5. Let f : R Ñ S be a topological slit map with respect to F S P MF`pSq. Let F R " f˚F S . Then there is a sequence of simple multi-curves C n on R and weights λ n so that
Proof. By Lemma 2.11, rF R s " T R pwq for some weight w on a taut train track T R on R. Fix a boundary component B of R, and let β be a curve parallel to B slightly pushed in to R. If f pβq bounds a disk in S, the corresponding slit of F S is a tree which must have at least two endpoints. Each endpoint of the tree contributes a zero to F R on B, so F R has at least two zeros on B.
Likewise, if f pβq bounds a once-punctured disk in S, the corresponding slit of F S is a tree with at least two endpoints. At most one of these endpoints may be at the puncture, so F R has at least one zero on B.
Let T S " f pT R q. The second part of the statement of Lemma 2.11 guarantees that T S is taut, and so F S " T S pwq. (The new disks in T S that were not disks in T R have at least two cusps, and the new once-punctured disks have at least one cusp.)
As in the proof of Proposition 2.12, choose a sequence of rational weights w n P M Q pT R q approaching w, and choose scalars λ n so that w 1 n :" w n {λ n is integral. Then T R pw 1 n q is a multi-curve rC n s with λ n rC n s approaching rF R s. We also have rf pC n qs " T S pw 1 n q, so by Lemma 2.10, λ n rf pC n qs approaches F S .
Proof of Theorem 1. If S " Ť i S i is not connected, with R i " f´1pS i q, then the stretch factor is a supremum over all embeddings R i ãÑ S i , as
ă max`a c`b d˘. On the other hand, R conformally embeds in S iff R i conformally embeds in S i in the given homotopy class for all i. So from now on we assume that S is connected.
If f : R ãÑ S is homotopic to a conformal embedding, then Proposition 3.7 guarantees that for all multi-curves rCs P C`pRq, we have EL S rf pCqs ď EL R rCs, as we have more maps in computing EL S rf pCqs, so smaller infimum in Equation (3.9). Thus SFrf s ď 1.
Conversely, suppose f is not homotopic to a conformal embedding. Then by Theorem 4.2, f is homotopic to a Teichmüller map g of dilatation K with respect to quadratic differentials q R P Q`pRq and q S P Q`pSq. Apply Proposition 4.5 to find a sequence of simple multi-curves C n on R and weights λ n so that λ n rC n s approximates F h pq R q and λ n rf˚C n s approximates F h pq S q. By Theorem 3.14, the quadratic differentials corresponding to λ n rC n s approach q R and the quadratic differentials corresponding to λ n rf pC n qs approach q S , and therefore
We can now find the exact stretch factor (Proposition 1.2) with the following standard fact.
Lemma 4.7. Let f : R ãÑ S be a quasi-conformal embedding of Riemann surfaces with quasi-conformal constant ď K, and let C be any multi-curve on R. Then EL S rf pCqs ď K EL R rCs.
Proof of Proposition 1.2. We can again assume that S is connected. If SFrf s " 1, the result is trivial: By Theorem 1, there is a conformal embedding, which has quasi-conformal constant equal to 1. If SFrf s ą 1, then by Theorem 1, the map f is not homotopic to a conformal embedding. Ioffe's Theorem 4.2 constructs a K-quasi-conformal map. SFrf s ď K by Lemma 4.7, and SFrf s ě K by Equation (4.6).
In particular, Proposition 1.2 implies that if f : R Ñ S is a homeomorphism between closed surfaces, then the Teichmüller distance between R and S is 1 2 log SFrf s, as first proved by Kerckhoff [Ker80] . (More precisely, if f 0 : S 0 Ñ R is a marking of R by a reference surface S 0 , then this is the Teichmüller distance between the marked surfaces pR, f 0 q and pS, f˝f 0 q.)
Strict embeddings
We now turn to Theorem 2, on embeddings with stretch factor strictly less than 1. We start with some preliminary lemmas.
Lemma 5.1. Let f : R ãÑ S be a strict conformal embedding. Then there is a constant K ă 1 so that for any q P Q`pSq, A q pf pRqq ď KA q pSq.
Proof. For any non-zero quadratic differential q on S, the ratio A q pf pRqq{A q pSq is less than 1, as the open set missed by the image of f has some non-zero area with respect to q. Then A q pf pRqq{A q pSq is a continuous function on the projective space P Q`pSq. Since P Q`pSq is compact, the result follows.
Later, in Theorem 4, we will strengthen Lemma 5.1 considerably.
Lemma 5.2. Let R be a compact Riemann surface with a quadratic differential q P Q`pRq that is strictly positive on BR. Let p R t be the annular extension of R obtained by gluing a Euclidean cylinder of width t onto each boundary component of R with respect to the locally Euclidean metric given by q. Then
where SFr p R t Ñ Rs is the stretch factor of the obvious homotopy class of topological embeddings.
Proof. By Proposition 1.2, it suffices to construct a family of quasi-conformal maps f t : p R t Ñ R with quasi-conformal constant K t that approaches 1 as t approaches 0. The assumption that q is positive on BR guarantees that near each component C i of BR there is an annulus A i foliated by leaves of F h pqq, with circumference r i and width w i (with respect to the Euclidean metric induced by q). Let B i,t be the annulus added to this boundary component in p R t , and let ι t : p R t Ñ R be the affine map of A i Y B i,t onto A i and the identity outside of A i Y B i,t . Then ι t has quasi-conformal constant equal to max i w i`t w i , which goes to 1 as t Ñ 0 as desired.
Proof of Theorem 2. (2) ñ (1): An annular conformal embedding is also a strict conformal embedding, so this is clear.
(1) ñ (3): Suppose that f is a strict conformal embedding, and let K ă 1 be the constant from Lemma 5.1. For any multi-curve rCs P C`pRq, let q P Q`pSq be the quadratic differential that realizes extremal length for rf pCqs, and consider the pull-back metric µ " f˚|q| on R. Since pR, µq and pf pRq, |q|q are isometric, but there are more curves in the homotopy class rCs on S than those that lie in f pRq, we have ℓ µ rCs ě ℓ |q| rf pCqs. Therefore,
ELrf pCqs ELrCs ď K. Since C was arbitrary, SFrf s ď K. (3) ñ (2): Suppose that SFrf s ă 1. Pick a quadratic differential q P Q`pRq that is real and strictly positive on BR. Let p R t be the family of annular extensions of R with respect to q as in Lemma 5.2, and let p f t : p R t Ñ S be the composite topological embeddings. Then by Proposition 3.19, SFr p f t s ď SFr p R t Ñ Rs¨SFrf s.
It follows from Lemma 5.2 that for t sufficiently small, SFr p f t s ď 1, so by Theorem 1, p f t is homotopic to a conformal embedding.
Behavior under finite covers
We now turn to the behavior of the stretch factor under finite covers. We start with some easy statements.
Lemma 6.1. Let π : r S Ñ S be a covering map of Riemann surfaces of finite degree d. For C a weighted multi-curve on S, define π´1C to be the full inverse image of C, with the same weights. Then EL r S rπ´1Cs " d EL S rCs. Proof. By Proposition 3.12, EL S rCs " A q C pSq, where q C is the Jenkins-Strebel quadratic differential corresponding to C. Then f˚pq C q is a Jenkins-Strebel quadratic differential corresponding to π´1pCq, and so
Proof. Follows from Lemma 6.1 and the definition of SF, as the supremum involved in computing SFr r f s is over a larger set.
Proposition 6.3. If f : R ãÑ S is a topological embedding of Riemann surfaces with SFrf s ě 1 and r f is a finite cover of f in the sense of Definition 1.5, then SFr r f s " SFrf s.
Proof. If SFrf s " 1, the result follows from Lemma 6.2 and Theorem 1. If SFrf s ą 1, by Proposition 1.2 SFrf s is the minimal quasi-conformal constant of any map homotopic to f , which by Theorem 4.2 is given by a Teichmüller embedding g. Let r g be the corresponding cover of g. Then r g is also a Teichmüller embedding with the same quasi-conformal constant, and so SFr r f s is the quasi-conformal constant of r g.
Remark 6.4. Proposition 6.3 relies on r f being a cover of finite degree of f . McMullen [McM89, Corollary 1.2] shows that, in the case that R and S are closed surfaces, f is a Teichmüller map, and r f is a non-amenable cover of f , then r f does not minimize the quasi-conformal distortion in its bounded homotopy class.
Proposition 6.5. For r f a finite cover of f : R ãÑ S, the quantity SFr r f s is less than one, equal to one, or greater than one exactly when SFrf s is less than one, equal to one, or greater than one.
Proof. If SFrf s ă 1, by Theorem 2, f is homotopic to a strict conformal embedding. Since a cover of a strict conformal embedding is a strict conformal embedding, we have SFr r f s ă 1. The other cases follow from Proposition 6.3.
Although there is some good behavior, it is not true in general that SFr r f s " SFrf s.
Example 6.6. Let R and S both be disks with two points removed, with f : R Ñ S a strict conformal embedding and g : S Ñ R a homotopy inverse. The surfaces R and S have, up to equivalence and scale, only one non-trivial simple multi-curve (the boundary-parallel curve), so SFrf s " 1{ SFrgs. Also, SF rf s ă 1, since f was assumed to be a strict conformal embedding. Now take any non-trivial finite cover r R of R and the corresponding cover r S of S. Let the corresponding topological embeddings be r f : r R Ñ r S and r g : r S Ñ r R. Since SFrgs ą 1, by Proposition 6.3 we have SFrr gs " SFrgs, with the supremum in the definition of stretch factor realized by a symmetric multi-curve. By Theorem 4.2, the quadratic differentials Figure 3 . The surfaces from Example 6.7. Left: The family of surfaces R t , with the unique non-trivial curve C 1 . Right: the double cover S t , with the curve C 2 . realizing this stretch factor are unique, so for any non-symmetric multi-curve C on r S (or equivalently r R), we have
SFrgs
But then
SFr r f s ě EL r S rCs EL r R rCs ą 1{ SFrgs " SFrf s.
Example 6.7. The previous example can be improved to give an examples with arbitrarily large gap between SF and Ă SF: for any 0 ă ε ă δ ă 1, there is an embedding f : R ãÑ S and two-fold cover r f so that SFrf s ă ε and SFr r f s ą δ. This example is due to Maxime FortierBourque. Let R t be the disk with two punctures obtained by doubling a tˆ1 rectangle along three of its sides, as shown on the left of Figure 3 . Let S t be the double cover of R t branched along one of the two punctures, as shown on the right of Figure 3 . The non-trivial curve C 1 on R t has extremal length 2{t by construction. Now consider the non-symmetric curve C 2 on S t . As t Ñ 8, the surface E t approaches a sphere with 4 punctures, specifically the double of a square. The curve C 2 is non-trivial on the 4-punctured sphere, and so its extremal length approaches a definite value:
Thus, for t " s " 0, we have
as desired.
1
In order to prove Theorem 3, we need some extra control: a strengthening of Lemma 5.1.
1 With a little more care, one can show that EL St rC 2 s « 2p1`Ke πt{2 q for some constant K, using the uniformization of S 8 to the double of a square by the composition of z Þ Ñ sinpπiz{2q and z Þ Ñ ş z
Theorem 4. Let f : R ãÑ S be a annular conformal embedding of Riemann surfaces. Then there is a constant K ă 1 so that for any quadratic differential q P QpSq,
Furthermore, the constant K can be chosen uniformly under finite covers, in the sense that
The technique in Lemma 5.1 will not work to prove Theorem 4, as QpSq is infinitedimensional. (That bound is also not uniform under covers.) As in Lemma 5.1, K depends on the actual embedding, not just the homotopy class of the embedding.
When S is a disk, Theorem 4 is not hard. For a P C and r ą 0, we denote by Dpa, rq " tz : |z´a| ă ru the open disk of radius r about a.
Proposition 6.8. Let Ω Ă D be an open subset of the disk so that Ω X BD " H. For any quadratic differential q P QpDq,
where r is large enough so that Ω Ă Dp0, rq.
Proposition 6.8 is a special case of Proposition 6.9 below, but we give a separate proof because we can give a precise constant.
Proof. Let r 0 be the smallest value so that Ω Ă Dp0, r 0 q Ă D, and let q P QpDq be arbitrary. For 0 ď r ď 1, we will show that A q pDp0, rqq ď r where we are writing q " qpzq pdzq 2 with qpzq a holomorphic function. The function z Þ Ñ |qpzq| is subharmonic, so if s ă r, we have Ipsq ď Iprq. (We would have equality between the corresponding integrals if |qpzq| were harmonic; see, e.g., [Bur79, p. 142] " 0.
It follows that Jprq{r 2 ď Jp1q, as desired.
Proposition 6.8 is false if Ω is allowed to intersect BD. Suppose Ω contains a neighborhood of a segment of BD, and let w be a point very close to this segment. By a conformal automorphism φ of D, we can take w to the center of the disk. Then`dφpzq˘2 will have its measure concentrated near w P Ω, as illustrated in Figure 4 .
The following proposition says that this is all that can happen: if the mass of q on Ω gets large, then the mass of q is concentrating near BD. for every ε ą 0, there is a δ ą 0 so that if q P QpDq is such that q ‰ 0 and
The proposition implies that given a sequence q n P QpDq, if the percentage of the |q n |-area of D occupied by Ω tends to 1, then the percentage of the |q n |-area occupied by the set B of "thickened ends of Ω" also tends to 1. Figure 4 again provides an example of how this happens.
We give two versions of the proof, one shorter, and the other more explicit and giving (poor) bounds on the constants.
Proof of Proposition 6.9, version 1. If there are no such bounds as in the statement of the proposition, there is an 0 ă ε ă 1 and a sequence of quadratic differentials q n P QpDq so that A qn pDq " 1 (6.10)
A qn pBq ă 1´ε (6.11)
A qn pΩq ą 1´1{n. (6.12)
Consider A qn as a measure on D. Since the space of measures of unit area on the closed disk is compact in the weak topology, after passing to a subsequence we may assume that A qn converges (weakly) to some limiting measure µ (of total mass 1) on D. Since holomorphic functions on the disk that are also in L 1 pDq form a normal family, after passing to a further subsequence, we may assume that the sequence q n converges locally uniformly to some holomorphic function q 8 on D. The restriction of µ to the open disk is then A q8 . But A qn pAq ă 1{n, so A q8 pAq " 0, so q 8 is identically 0 on A and therefore on the entire open disk. Hence µ is supported on BD. Equation (6.12) implies that the support of µ is also contained in Ω, and hence in Ω X BD. But this contradicts Equation (6.11).
Proof of Proposition 6.9, version 2. Apply a Möbius transformation so that A contains 0. We may then assume that Ω Ă DzDp0, 2r 0 q for some 0 ă r 0 ă 1{2. We identify the space QpDq of integrable holomorphic quadratic differentials on D with the Banach space of L 1 -integrable holomorphic functions on D, so that A q pDq " ş D |q| " q . Suppose q P QpDq satisfies A q pDq " 1. We will quantitatively show that the q-area of a small ball controls the q-area of a big ball. Suppose s is chosen close to 1 with r 0 ă s ă 1. Suppose |z| ď s. The Cauchy Integral Formula applied to the concentric circles comprising the disk Dpz, 1´sq shows that
i.e., |q| is subharmonic. Using the assumption that A q pDq " 1, this implies |z| ď s ùñ |qpzq| ď Kpsq :" 1 πp1´sq 2 . A q pDp0, 2r 0 qq. (6.14)
For 0 ă t ă 1, let M q ptq be maxt|qpzq| : |z| " tu. The Hadamard Three Circles Theorem [Con78, Theorem 6.3.13] implies that log M q is a convex function of log t. Thus if r and r 1 are chosen so that r 0 ď r ď r 1 ă s then log M q prq ď log M q pr 0 q`l og M q psq´log M q pr 0 q log s´log r 0 plog r´log r 0 q ď log M q pr 0 q`l og Kpsq´log M q pr 0 q log s´log r 0 plog r 1´l og r 0 q "ˆ1´l og r 1´l og r 0 log s´log r 0˙l og M q pr 0 q`log Kpsq log r 1´l og r 0 log s´log r 0 " K 1 log M q pr 0 q`K 2 where K 1 and K 2 are constants, with K 1 ą 0, depending only on r 0 , r 1 , and s, and not on q. It follows from (6.14) that there are positive constants c 1 and c 2 depending only on r 0 , r 1 , and s with (6.15)
A q pDp0, r 1ă c 2 A q pDp0, 2r 0c 1 .
Now suppose that δ is small, 0 ă δ ă 1, and A q pDzΩq ă δ. Note that this implies that A q pDp0, 2r 0ă δ. Given 0 ă r 1 ă 1, let E be the annulus DzDp0, r 1 q. From the definition of B, there is some r 1 with 0 ă r 1 ă 1 close to 1 for which E X Ω Ă E X B. Choose s so that r 0 ă r 1 ă s ă 1; we are in the setup of the previous paragraph. We have
and so A q pBq ą 1´c 2 δ c 1´δ , which tends to 1 as δ tends to 0, as required.
We also need an analogue of Proposition 6.9 for the once-punctured disk. (In fact it is true in more generality.) Then, for every ε ą 0, there is a δ ą 0 so that if q P QpDˆq is such that q ‰ 0 and
Proof. Let s : D Ñ D be the squaring map spzq " z 2 . We can apply Proposition 6.9 to the tuple ps´1pΩq, s´1pAq, s´1pBqq. For every quadratic differential q P QpDˆq with at most a simple pole at 0, s˚q is a quadratic differential on Dˆwith no pole, and can thus be considered as a quadratic differential on D. Since for any X Ă Dˆ, A s˚q ps´1pXqq " 2A q pXq, the area bounds for s˚q on s´1pΩq and s´1pBq imply the same bounds for q on Ω and B, as desired.
Proof of Theorem 4. For simplicity, if S has no boundary or has non-negative Euler characteristic, remove disks from SzR until it has boundary and negative Euler characteristic. Then enlarge R until it is equal to S minus an ε-neighborhood of BS, and think about R as a subset of S. Now choose a maximal set of simple, non-intersecting and non-parallel arcs tγ i u k i"1 on S. These will divide S into a collection of half-pants (i.e., hexagons) and once-punctured bigons; arrange the arcs so that they divide R in the same way, as illustrated in Figure 6 . Let tP j u ℓ j"1 be the connected components of Sz Ť γ i , and let G i be small disjoint tubular neighborhoods of the γ i inside S. Let P 1 j " P j X R and let G "
As detailed below, we can apply Propositions 6.9 or 6.16 to each triple`P j , P 1 j , P j X G˘to show that if the area of a sequence of quadratic differentials q n on S is concentrating within R, then it is actually concentrating within G.
We also pick another decomposition of R and S into disks. Within each half-pants among the P j , pick a tripod τ j with ends on the three components of P j X BS and intersecting BR in three points, as in Figure 6 ; ensure that τ j is disjoint from G. Let tQ i u k i"1 be the connected components of Sz Ť j τ j . Each Q i is a rectangle or a once-punctured bigon. Pick a small tubular neighborhood T j of τ j , small enough that each T j and G i are disjoint. Let Q 1 i " Q i X R and T " Ť j T j . Propositions 6.9 and 6.16 will again show that if the area of a γ i τ j Figure 6 . Two decompositions of S and R. In this example, S is a sphere with 4 holes and one puncture and R is a smaller copy of S shaded in red.
The arcs γ i (solid, in green) divide the two surfaces into half-pants and a oncepunctured bigon. The tripods τ j (dashed, in blue) divide the two surfaces into rectangles and a once-punctured bigon.
sequence of quadratic differentials on S is concentrating within R, then it is concentrating within T ; but this is a contradiction, as G and T are disjoint. We now give the concrete estimates alluded to above. Since all areas are with respect to an arbitrary quadratic differential q P QpSq, we will omit it from the notation for brevity. For each j, the triple pP j , P 1 j , G X P j q is either a triple like pD, Ω, Bq as in the statement of Proposition 6.9 or a triple like pDˆ, Ω, Bq as in the statement of Proposition 6.16. We can thus find δ j according to the propositions so that if ApP 1 j q ą p1´δqApP j q, then ApG X P j q ą p3{4qApP j q. Let δ :" min j δ j and δ 1 :" δ{4. pSq.
Proof. Let J Ă t1, . . . , ℓu be the subset of indices j so that ApP 1 j q ą p1´δqApP j q, and let
An exactly parallel argument shows that there is a δ 2 ą 0 so that if ApRq ą p1´δ 2 qApSq, then ApT q ą 1 2¨A
pSq. Since G X T " H, this implies that ApRq ď p1´minpδ 1 , δ 1 qqApSq, proving the first statement of the theorem.
Note that the crucial constants δ 1 and δ 2 were defined as a minimum over the triples pP j , P 1 j , G X P j q and pQ i , Q 1 i , T X Q i q. On a finite cover r f : r R ãÑ r S of f , we can take arcs r γ i and tripods r τ j to be lifts of γ i and τ j , respectively. Then the triples on the r S are lifts of the triples on S, and the same estimate works in r f .
Proof of Theorem 3. If SFrf s ě 1, we have already proved the result in Proposition 6.3. If SFrf s ă 1, by Theorem 2 we may assume that f is an annular conformal embedding. Let K be the constant from Theorem 4 for the map f . We must show that for any finite cover r f : r R Ñ r S of f and any simple multi-curve r C on r R,
2
KA |r q| p r Sq " K´1 EL r S r r f p r Cqs.
Future challenges
There are several obvious questions raised by Theorems 1, 2, and 3. The first is an analogue of Proposition 6.3 when SFrf s ă 1.
Problem 7.1. Give an intrinsic characterization of Ă SFrf s for general maps f : R Ñ S between Riemann surfaces as an infimum, not just when Ă SFrf s ě 1.
To elaborate a little, SF and Ă SF are defined as maxima. It would be much easier to find upper bounds (as in the hard direction of Theorem 3) if there were an alternate definition of Ă SF as a minimum. For example, there are two characterizations of extremal length: as a maximum over metrics (Definition 3.4) and as a minimum over embeddings of annuli (Proposition 3.7).
When SFrf s ě 1, Proposition 6.3 serves this role. When SFrf s ă 1, there are many different conformal embeddings R ãÑ S in the homotopy class rf s. The space of such conformal embeddings is path-connected [FB15]. One could attempt to find a canonical embedding by, for instance, gluing annuli to the boundary components of R [EM78] . But this embedding seems ill-suited to give tight bounds on SFrf s or Ă SFrf s. Ideally one would want a notion of "map with quasi-conformal constant less than one", but that is nonsensical.
Instead, it seems likely we need to consider some sort of "smeared" maps: maps from R to probability distributions on S.
Problem 7.2. Find an energy of smeared maps g : R Ñ MpSq whose minimum value is Ă SFrf s.
As an example of what we mean, we give one way to get an explicit upper bound on Ă SFrf s.
Definition 7.3. A homotopy class of topological embeddings rf s : R ãÑ S between Riemann surfaces is conformally loose if, for all y P S, there is a conformal embedding g P rf s so that y R f pRq. Since S is compact, if rf s : R Ñ S is conformally loose we can find finitely many conformal embeddings f i P rf s, i " 1, . . . , n so that (7.4) n č i"1 f i pRq " H.
In this case, we say that rf s is n-loose.
Proposition 7.5. If rf s : R ãÑ S is n-loose, then Ă SFrf s ď 1´1{n.
Proof. If f is n-loose, then all covers are also n-loose. So it suffices to prove that SFrf s ď 1´1{n. Let pf i q n i"1 be the n different embeddings from Equation (7.4). For a simple multi-curve C P C`pRq, let q " q f pCq P Q`pSq be the quadratic differential corresponding to f pCq from Theorem 3.11. For at least one i, we will have A q pf i pRqq A q pSq ď 1´1{n
by Lemma 7.6 below. Then the argument from case (1) ñ (3) of the proof of Theorem 2 shows that EL R rCs ď p1´1{nq EL S rf pCqs, as desired.
Lemma 7.6. If A 1 , . . . , A n Ă X are n subsets of a measure space X so that Ş n i"1 A i " H, then for at least one i we must have µpA i q ď p1´1{nqµpXq.
Proof. This follows from the continuous pigeonhole principle.
In the language of Problem 7.2, if rf s is n-loose, then the averaged map gpxq " 1 n n ÿ i"1 f i pxq is a smeared map from R to S. Likewise, if r f : r R Ñ r S is n-loose where q : r R Ñ R is a finite cover of degree k, then the averaged map Conjecture 7.7. If f : R Ñ S is a strict conformal embedding of Riemann surfaces where S has no punctures, there is some finite cover r f of f that is conformally loose.
If rf s maps a puncture x of R to a puncture y of S, a neighborhood of y is in the image of every map in rf s, so rf s can never be conformally loose. In this case we could pass to a branched double cover as in the proof of Proposition 6.16.
Remark 7.8. In Problems 7.1 and 7.2, it may be that Ă SFrf s is not the most natural quantity to consider; there may be a more natural quantity that bounds Ă SFrf s from above and is less than one when Ă SFrf s is less than one.
